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Let p(x) beapolynomial of degree n with real coefficients. We will generate the sequence of
polynomials which we will call a Sturm sequence. Let p,(x)= p(x), p.(x)=p'(x)

It is noted that the degree of p, (x) isless than the degree of p._, (x) and that the sign of the
remainders are the negative of those in the Euclidean algorithm. The degree of p, ( x) is zero and stops
the process. If p(x) has zeros of multiplicity greater than one then the last nonzero remainder isthe
greatest common divisor of p(x) and p’'(x) whichimpliesthat p(x) divided by the last nonzero
remainder has only simple zeros which are the same as those of p( x) .

The basic Derive command which generates the Sturm sequenceis

d
[ITERHTEE[[U » — REMAINDER{w . w }], v, [P{x}, — P{x}], n]]lli
2 1 2 dx

As an example consider

2
3 63-x 1223 -x 6l
Pi{x) == = - + -
1A 188 1888

d
[ITERHTEE[[U » — REMAINDER{w ., w }]. v, [P{x}, — P{x}], 3]]&&1
2 1 2 dx

+ - . 3k - + .

2
[ 3 63 -x 1223 -x 161 2 63 -x 1223 18-x — 21 1]
X - .
18 188 1884 5 188 1%

It is convenient to write the basic Sturm generator as a function.



STURM({p. x. n) =
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d
[ITERFITEE[[ . — REMAIMDER(v , u }], v, [p, — p], n]]ui
2 dx

Let S(a) be the Sturm sequence evaluated at a and let C (S(a)) be the number of changesin sign of

the elements of S(x) when evaluated at a. Sturm's theorem states that if p(x) has only simple zeros,
then the number of real zeros betweena andb (a<b) is C (S(a)) -C (S(b)) We note that if we
compute S(1) and S(2) we obtain

S¢1)

231 263 11 '
~ 1@@8 = 188 = 15 1_
5¢2)

99 97 1 '
| 1ee8 ~ 18® ~ 15 !

and C(S(1)) =3, C(S(2))=2. Itisnoted by Sturm’stheorem there is one real zero of p(x) in [12].
The zeroisactualy x=1.2 ascan be readily verified by Newton’siteration.

We may count the number of sign changesin S(a) by considering the sign of the product
S(a) S(a),,- If the product is negative the sign has changed and if the product is positive the sign has
not changed. In fact the number of sign changesin S(a) may be counted by

. -SIGN(S(a), S(a),,,) +1

§ el

provided no element of S(a) iszero. Itisconvenient to automate the counting of sign changes and

step through arange of values to isolate the zeros of p(x). The Derive function that accomplishes this
task is

SEARCH{x, n, 1, w, &6} ==

— SIGN((S(x}) -(S(x))
1 1

y + 1
+ 1
UECTOR| [S¢{x}. x. s X2 1. u,. &

[l =

i=1 2

The parameters required by this function are:
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The variable along which we are searching x
The degree of the polynomial p(x)
The lowest value of x or the value where the search isto begin

The highest value of x or the value where the search isto end
The increment of the search

agrwdPE

The output is a vector with 3 components.

1. A vector giving the Sturm sequence evaluated at x

2. The value x

3. The number of sign changes in the Sturm sequence when evaluated at x.
We will give some examples.

Example 1. Isolate the zeros of the polynomial

p(x)=x" —6.28x* +6.9696

4 2
P{x}) == x - 6.28-%x + 6.9696
STURM{P{x}. =x. 4}

4 2 3 2
[x - 6.28-x + B6.7696, 4-x - 12.5%6-x,. B.8808 - {3725 -x - BV12},

3.68152 -x. 6.9696]
[ 4 2 3
B{x) 2= |x - 6.28B-x + 6.7696, 4-x — 12.56-x.

2
B.68688 - (3225 -x - 8712}, 3.68152-x,. 6.7676

SEARCH{x. 4. -3, 3, B.5)
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[ [31.44%6,. -78.32,. 21.2784, —11.8445, 6.76%96] -3 4 ]
[6.7828%2, —31.1,. 12.6553,. —7.28382. 6.76%96] -2.5% 4
[-2.1584, -6.88, 5.5984, —7.36385,. 6.7696] -2 3
[-2.89789. 5.34, B.8954, -5.5222%,. 6.7696] -1.5 3

[1.6896, 8.56, -3.82%6. —3.68152, 6.96%96] -1 2
[6.46218, 5.78,. -6.18459, -1 _84076. 6.9696] -A.5 2
[6.92696, B, —-6.9696,. B. 6.7696] a ?
[5.46218, -5.78,. —6.18459. 1.84876. 6.76%96] a.5 2
[1.6896,. -8.56. —3.82%6,. 3.68152. 6.9696] 1 2
[-2.82789. -5.34,. B.8754, 5.52229. 6.76%6] 1.5 1
[-2.1584, 6.88. 5.5984, 7.36385. 6.9696] 2 1
[6.78289, 31.1. 12.6553, 9.20382, 6.9696] 2.5 B
[31.4426,. V8.32,. 21.2784, 11.6445. 6.7676] 3 a |

We note that this polynomial has 4 real zeros, one zero in each of theintervals (—2.5, 2) :

(-1.5,-1),(1,15), and (2,2.5). Also the question mark occurs where x =0 since avaluein the
sequence for that valueis zero and Derive returns SIGN(0) as +1 which in turn confuses the sum.

Example 2.

In this example we will consider a polynomia with two distinct zeros which are quite close to each
other.

Which will give the Sturm sequence and must be defined as S(x) before the search statement may be
executed.

A portion of the table giving the results of the search is now presented

SEARCH({x. 4. 1.25. 1.35, B.1)

|E-EIEIE?I, -@. 445376, —-H.B23I8437, A 471585, - . VEET4-18 1.25% 13

-
[H.Hiﬂlﬂlﬁbﬂ. H.5fE411. B.EBl42%, 838087, - 7.VeEVY 14 ] 1.3% 1

Which shows that there 2 sign changes between x=1.25 and x =1.35
and tells us that there are two distinct zeros between these two values of x. Newton’s method yields

x=1.30008 and x =1.31008 for the zeros of p(x).
Example 3.

This example will show a case where p(x) has azero of multiplicity 2.
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3 2
P{x) t=x - 4.2-%x + L.61-x - 2.42
STURM{P{x». x. 3}

3 2 2
[x - 4.2-x +5L.61l-wx - 2,42, 3-x - 8.4-x + L.61, A.818-{18-x — 11}, E]

The last Derive statement indicates that 10x 11 is the greatest common divisor of p(x) and p'(x).

Thuleinl has only simple zeros which are the same as the zeros of p( x) .
X —
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