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New Technologies— New Means of Mathematics Teaching
A Comenius Project
Josef BOhm
Pedagogical Institute of Lower Austria, Austria
Email: nojo.boehm@pav.at]

In spring 1997 | attended an information day at the Austrian Sokrates Agency about possibilities for
launching an EU-project in the frame of one of the running programmes SOKRATES, LINGUA or
LEONARDO. After adiscussion, | was asked by one of the staff membersif | would like to initiate
an EU-project in the frame of the Comenius 3.1 programme. As | have many connections reaching
out of Austria to mathematics teachers who are busy in school, with in- and pre-service training for
teachers and who are as fascinated as | am by the possibilities and opportunities of changing
mathematics teaching using the many new technologies like PC, Computer Algebra Systems,
Dynamic Geometry, Computer Based Laboratories and very advanced pocket calculators, | didn’t
need a long time to agree. So | asked Dr. Franz Surbock, the head of department BHS
(Berufshildende Hohere Schulen = Vocational Secondary Schools) in the Pedagogical Institute of
Lower Austria (PI-NO), if his institution would be interested in coordinating a project called
"Modern Technologies in Teaching Mathematics - MTTM". The PI-NO is responsible for the pre-
and in-service training for teachers in Lower Austria. This institution had successfully coordinated
another EU-project some time ago. So Dr. Surbéck agreed but he also pointed out that | would load
a burden of work on my shoulders. Thanks to modern technologies like email, | very quickly found
excellent partners. Barbel Barzel from Germany, Tony Watkins from England, David Sjostrand
from Sweden and Paul Drijvers from the Netherlands, all of them very experienced teachers and
teacher trainers and well known to me and each other for many years.

Supported by the Austrian SOKRATES Buro, we applied for a Preparatory Visit to plan the project.
Very late — one day before Christmas holidays — we received the approva and in the first days of
January 1998 we all met in Lower Austria. In the meanwhile, we were joined by Dirk Janssens from
Belgium by email only and thus we had a new partner. It was a challenge for us al — members of six
European countries — to face the documents and to fill in al columns of the application form for the
project. These were two very hard days and there were several occasions when one or the other of us
could be heard muttering, 'Let it be, let me go home'. But then someone else would say, 'Let’s try!
We want to do it and we will doit'. And finally we did it.

We applied for the project Modern Technologies in Teaching Mathematics (MTTM), and
summarized our goals as follows:

Production of a multilingual information pack of materials suitable for in-service
training of mathematics teachers at Secondary Schools (grades 8 to 13) under special
consideration of the use of modern technologies in teaching mathematics in EU
countries.

The target group is school mathematics advisors, heads of school mathematics
departments, senior teachers, teachers for pre- and in-service training, and others who
can be agents of change within their local environments. Students will benefit from
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better trained teachers because they will improve their learning results and acquire
additional competencies.

| delivered the application just in time and then we waited until the autumn of 1998 to receive
approval for our project. We collected materials and exchanged papers by email and surface mail
and prepared the first meeting in January 1999 in St. Polten, Lower Austria.

This meeting was a very fuitful one. We discussed the collected materials and fixed a structure for
the whole collection and of each contribution as well. Some important points were - among others:

. our target group are teachers: motivated but not experts;

. the examples must be "easy" enough to attract the average teacher;

. we will have small units and one extended teaching sequence;

. the materials should be independent of special soft- and hardware products (hints can be
provided separately);

. agood teacher training must be a good example of teaching;

. the units should form a sort of library and/or store;

. we will include classroom experience, a concept of atraining course and additional tasks and
qugst'i(')ns for the teachers to provoke them to reflect on their own and their students’
activities.

We fixed a time-table and the duties of al the group members in order to have a successful meeting
in Dusseldorf during June 1999, organized by Barbel Barzel. The following months were busy for
all of us. Beside our daily work as teachers, lecturers, researchers, mother, father etc, we wrote
papers and comments, sent emails and documents across Europe; revised and improved our papers
and tried to find additional interesting materials in our home countries.

When we met in June we had almost all the papers together. We discussed each of them and made
some changes. We missed only one promised contribution. Eberhard Lehmann wanted to bring his
Module - Principle into a form agreeing with that of our units and this required some additional
time. But as you can see in the book, he was on time and we are happy to have his "Brick onto
Brick" among our products.

The deadline was the end of June to bring the papers into camera ready form. We had to find a
publisher and to organize some public relations for our product. We will try to produce a German
trandation and we hope to have a French and a Dutch version, too.

Finally we agreed on a new title which, in our opinion, expresses the aim of our project much better
than MTTM:
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New Technologies— New M eans of Mathematics Teaching

My work as "coordinator" took place on two levels. the specific technical and mathematical, with
which | am familiar, and the administrative, which was a very new field of experience for me. But
thanks to the help of more experienced group members and Mr Surbock | was able to master this
task.

Working together in the frame of this project brought a lot of benefit to us all. With respect to our
work as teachers and teacher trainers we achieved insight into the problems of other countries, and
with respect to our socia contacts we were al able to bring in our full personality and
simultaneously to submit ourselves to our common goal. Paul Drijvers expressed our feelings in a
talk at the dinner table very precisely and | asked him to summarize his opinion, which is our
opinion:

'‘Cooperating in the MTTM team has been a fascinating process. As our aim was to
produce a booklet with concrete student examples in a format that enables its use for
teacher training purposes, we needed to discuss our pedagogical and educational points
of view in detail. Understanding each other at this level is not obvious. Besides the
language barriers that the six participants from different countries had to overcome,
there are other factors that are at least as important: differences in educational system,
mathematics curriculum, classroom culture, pedagogical philosophy and opinions on the
use of technology in secondary education. The product being a coherent resource for
teacher training indicates that the team was able to overcome the obstacles; to the team
members this process was an important experience.’

We al hope that this booklet can transfer inspiring and motivating ideas about how to change
teaching using modern technologies in order to have more interesting, more lively and more
open mathematics education for everyone who likes to work with young people in general and
who particularly like to teach mathematics.

At last | have to thank the staff of the Austrian SOKRATES Buro for their support together
with Dr Surbdck from the PI-NO for his help and patience. | am very grateful to my five
partners and their institution heads for their amicable cooperation and | hope that we will have
other opportunities and challenges to face together in the future.

We would especially like to thank al the colleagues who contributed to this package and helped to
give it areal European dimension: Reimund Albers (Unit 7.1), Hubert Weller (Unit 6.1), Eberhard
Lehmann (Unit 1.3), Guido Herweyers and Luc Gheysens (Unit 4.1) together with many others
mentioned in the references to the units.

At the preparatory visit we very much appreciated the advice and support of Prof. Manfred
Kronfeller (Technical Univeristy of Vienna), Mr Helmut Heugl (Landesschulrat Noe) and Mr Peter
Schiller (Austrian Ministry of Education). Mr Heugl and Prof. Kronfellner, both being experts in
mathematics education and inservice training, were willing to evaluate our materials internally.
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We are very grateful that colleagues from Austrian Secondary Schools agreed to test some unitsin a
seminar specialy organized for that purpose. Their comments were very helpful for us to improve
our texts.

At last we have to thank our family members for their support and patience during one year. We
were absent from home for some time physicaly and much more time we were absent mentaly,
sitting in front of our computers or reading texts. Without their understanding and help we would
not have been able to finish thiswork in time.

The partners (in alphabetical order):
Barbel Barzel — ZKL, University of Muenster, Germany
Josef Bohm — Pl of Lower Austria, Austria (Coordinator)
Paul Drijvers — Freudenthal Institute, University of Utrecht, Netherlands
Dirk Janssens — Catholic University of Leuven, Belgium
David §jostrand — Chalmers University Gothenburg, Sweden

Anthony Watkins — University of Plymouth, England.

The project’stime table summarized:

Application for a Preparatory Visit on 26-02-1997

Acknowledgment of Receipt on 0404-1997 (Information about acceptance was announced for
June 1997)

Acceptance came in late fall (with the order to hold the visit beween July and October — then
until 31 January).

Deadline for project application was 31-01-1998. The project should run from 01-09-98 to 31-
08-99.

Preparatory visit: 23-01-1998 — 25-01-1998.
Application delivered on 30-01-1998
Notification of acceptance on 23-10-1998

1. Meeting: 7 — 10 January 1999 in St.Polten (Lower Austria)
2. Meeting: 3 -6 June 1999 in Stenden (Germany)

Printed in August 1999
End of project 31-08-1999
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At the Prep Visit we fixed our goals, the target group and the expected outcomes.

The first meeting fixed the main ideas, the contents and - very important — the structure and format
of the unitsin the package:

Thetable of contents and the common structure of the units are given below:

Contents

Preface
Acknowledgements
Biographical Details
Introduction
1 Functions and Graphs

11 Power Flower — Flower Power or the smiling face

12 Misleading graphs

13 Brick onto Brick: CAS-Modules — Enrichment in Teaching Mathematics

2. Coordinates and Transfor mations

21 Design your own Logo
22 Trandate me, Rotate me ...

3. Number Theory

31 Zeros at the End of Factorial Numbers
32 Investigations on Greatest Common Divisor and Least Common Multiple

4., Optimization

41 Geometrical Optimization Problems
4.2 The Optimal Product and Euler's e (Optimisation is '€-asy!)

5. Matrices

51 The Population of China
5.2 You can "se€" amatrix

6. Curve Fitting

6.1 Volume of the solid of arevolution
6.2 Go West — go afunction: studies in motion

7. Equations and Systems

7.1 Guess the Solution of Linear — and other — Equations!
7.2 Simultaneous Equations and Parameters

8. A Workshop Structure
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Title of the Unit

Pedagogical |ssues

Representation(s) Investigation | WhiteBox <=> BlackBox Documentation
Numerical Guided Notes
Table Open Worksheet
Graphical Written Report, .....

Platform | ssues

Spreadsheet Graphics Calculator CAS

Dynamical Geometry

Aim and Description of the Unit

Role of the Technology

. Investigating Tool

. Visualization Tool

. Calculating Tool

. Example Generating Tool

. Practice Tool (Trainer)

. Checking Tool (Controller)

Preliminary Knowledge Required
Duration of the Unit
Classroom Organization

Statement of the Student Example

o

Contents

Hintsfor theuse of the TI-89 or T1-92 (or DERIVE or Excel)
What do you want? How can you do it?

Proposed Solution(s)
Example(s) of Students” Working

Questions and Tasksfor the Teacher

(eg - How would you assess the student”s work here?
- What documentary conclusions are appropriate here?

Supplementary Examplesfor Assessment
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Representation(s) Investigation WB <=>BB Documentation
Numerical Open WhiteBox — BlackBox Notes
Graphical Guided Worksheet
Analytical Written Report

Table Poster
Geometrically Oral Presentation
Platform Issues
Spreadsheet Graphics Calculator CAS Dynamical Geometry
X X X

Aim and Description of the Unit

This unit deals with geometrical optimization problems.

We consider four different representations:

. the classical analytical approach, using derivatives,
. the graphical approach,

. the numerical method using tables,

. the dynamic geometrical illustration.

Students should learn to handle these different methods to solve the problem.
The introduction of a parameter makes it possible to generalise the solution but also to get deeper insight in the problem.
Technology can help to focus on the influence of the parameter to the solution.

By choosing another independent variable to describe the problem, students can discover that this can simplify
significantly the analytical representation. Once the solution isfound, it isinteresting to look at the geometry of the

situation and explain this solution by purely, but convincing, geometrical arguments.

With this unit students will explicitly reflect on some important problem solving techniques.
Discussion about assessment of these different aspects and of the way technology is used by the studentsis the objective

of the second part of the unit.
Role of the Technology

Thetechnology deviceis used in the following modes:

. Investigating Tool
. Visualization Tool
. Calculating Tool

. Table Generator

. Checking Tool

Preliminary Knowledge Required
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Students need to know elementary geometry and trigonometry.

The equation of alineis needed for the second problem.

Students should know how derivatives work as atool to find an extremum.
Duration of the unit

Minimum two lessons in the classroom.
Classroom Organization
The teacher demonstrates the first problem using dynamic geometry.

The students can work in pairs for the analytical, graphical and numerical waysto find the solution. The second problem
is an assesment task for students and can be organised in different ways. It can also be presented as a “research-task”.

Statement of the Student Example

| Consider all isosceles triangles with legs equal to 2, which one has got the largest area? |

1 We first illustrate the problem with dynamic geometry. Read off the largest area. What is the shape of the
largest triangle?

area= 1.3Z2cme area= Z.00cmkmE
THIE FOINT
base=1.41cm base=2.83cm +
HAIN TEG AFFRO% FUHL HAIH DEG AFFROR FUHL
||ﬂ'nf2 ]‘F3EjTF'| E TFS Trﬁ ‘I‘F? TFB""] ]
w b " - w b -l‘-#. - :T__a w A b F
2. DBz
aresa=1,88cme area= 1.36CmE
THIZ FOINT _//f.\\\_
base= 3. 28cm baze= 3. 7F2cm +
HAIN DEG AFFRO% FLHL TRIN TEG RFFROR FUNE

2. Expressthe area A of anisoscelestriangle,
with legs equal to 2, interms of itshase X.

3. What is the domain of the area function? Draw the graph of the function with the appropriate viewing window.
Find out the maximum value, using trace or another available tool.

4., Make atable of areasfor different values of X inthe domain of the function, find the largest area.

5. Check your result analytically and find the maximum using derivatives. A computer algebra system may be
used to compute the derivative.
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the length of the legs being 2 also.

Is 3 the maximum area if the equal legs of the
triangele have length 3?

Generalize the problem for atriangle with legs
of length a.

The shape of the triangle with maximum area

was the same for legs 2 and legs 3: the top
angleis special. Verify thisobservation also
in the general case.

We can use the top angle of the triangle as
independent variable. In order to investigate
this, first find the area of an isoscelestriangle
with legsequal to &, making anangle O at
thetopinfunctionof a and O .

For which value of @ do we have a maximum area? What is the maximum area?

We expressed the area of the isosceles triangle in terms of its base or its top angle. Working with the top angle
resultsin asimple function! What are the other possible choices of independent variables to describe the
problem?

Proposed solutions

1

Bohm:

The dynamical geometry suggests that the maximum areais 2, at the moment when the triangle is right angled.
This can be confirmed by measuring the top angle dynamically.

Ao X/16- x?
==

The domain of the function is the open interval (0,4). We take the viewing window
[-05,45] x[-05, 3] .

I‘Fi T rsz FF Tru Trsv*l’ FE™ B I‘Fi ]’ rzv]’ F¥ T & ]’ rsvT i TF? T ]

- E Zoom|Edit] ~ ALl [Style|fe g .. T ] - E Zoor|Trace |ReGraph|Math|Oraw |-

AFLOTE
FPlot 1:

T2
= 13 E|xr0 and x{ 4

M L mur
g2 k= ®ot 2. 52543 oz,
MAIM FAD AFFRON FUHC AN FAD AFFROY FUHWE

Make successive tables, reducing the increment of the independent variable:
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1] H i ]
=
2.2 EERE
2.3 T
2.4 92
2.5 9516
2.6 ERETE]
2.7 2321 .
2.8 EEEL 2.86 REEES]
2.9 . 2.87 EEEN |
gl (x>=1.99957995922922 plCx>=1.9999987623434
RN EAD RFFROR FUHC RN FAD_AFFROE FOHC
I’Fi T Fev Trsz ruvT FE T FE ] I’Fi T Fev Trsz ruvT FE T FE ]
va Algebra(Calc|0ther|Prgnld{Clear a-=z.. va Algebra(Calc|0ther|Prgnld{Clear a-=z..
.2 2
.i[x-— ,]ng.—x?-] ® combenam [x Y 16] - 2
s 3 4] %2 - 16)
{2 -1¢) 52 _ xfrs
4 4-[{x2- 1) 2| %2 - 18]
HRIN EAD AUTO FUNC 1730 HAIN EAD AUTO FUNC 1730
|‘F1 T 54 TrsvT ruv]’ FE T TE |‘F1 T 54 TrsvT ruv]’ FE T TE
vﬂ AlgebrafCalc|0ther|Prgmld{Clear a—z...] vﬂ AlgebrafCalc|0ther|Prgmld{Clear a—z...]
2
=+ 8 =
B getMup| ——— '[x - 8]
[E-J-[ 2—16]]
lsolue['[x2—8]=ﬂ,><]|ﬂ<x and x4 o
><=2-E - d 2(91()(:!)'}(:2'& -1
myilz-[Z] =2 i
|@_(91(x),x,2)lx=2*1(2)
RN EAD_AUTO FUHL 3730 AN EHD AUTO FUHC 1730

The last screendump illustrates the second-derivative test to prove that the extremum is a maximum in this case.

X.v4a? — x? az

Now wefind A= f , with amaximum area 7 when X = aJE . Obvioudly, the maximum
area of theisoscelestriangle is equal to the length a of thelegsonly if a = 2.

o o _ a’.sina
Thetriangleisright angled. Thisfitswith the formulafor theareafoundin6. A= T

az )
The maximum areaiis 7,when Sina reachesits maximum value 1 for 0 = Tt/ 2. Thetriangle with

maximum area s right angled!

Other choices for the independent variable: base/2, base angle, (top angle)/2, height of the triangle.

Examplefor Student assessment

1

A triangle has vertices with coordinates (0,0),
(10,0) and (7,6). Notethat thisisatriangle
with base 10 and height 6.

Prove that the rectangle of maximum area,
fitting in the triangle (see figure) has base 5
and height 3.
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2. We try to generdlize: if atriangle has base b and height h, does the rectangle of maximum area, fitting in the

triangle, have a base b/2 and height h/2?
Verify and prove this general statement.

Make areport with a clear explanation of your solution and of the elements you used in your solution process.

Example of Students' Working

It was a remarkable fact that students had problems finding the area of atriangle in terms of two sides and the included

angle (see problem 7). Obviously, the presentation of the figure was misleading to them; they took the wrong side

(opposite to the given angle) as the base of the triangle.

. In the assesment reports, we observed that students did indeed use different representations.
Ifi T Fg T Fz T F4 T FE T FE™ [ _F7
Tk |’1r'z . T?@TTJ(’]?T#' - E Flot. Setup|Cell|Header|Calc|Uti ITStat]
o DATR || ke =1
L - e 15 T - - - b A cl [ [ cd S
ha 3. 39 ' BT - 3 B 09412, 3435014, 282
R S T 4 5.5789[2.6526(14. 799
L3097 55T pE-3L 3.3 o 5.2632(2.8421(14. 958
o o ) 4. 94743, 0316(14. 992
L R € = 4 N - - R v d4.6316[3.2211[14.319
5,95, 1.[3e-15) S AG1E.08, 3,080, g 4,5158 3. 410514, 719
MAIN CDEG AUTOD FUMC 9 4' = 6 14' 4
r9cli=4.
HAIH RAD AUTO FUNLC

For the first problem some students worked out a CABRI simulation, and used animations and tables to find the

TL.OA, & ADY

.

‘=2 15,08

ES. 50, 5. 000

2 B EE 2

L1000, 0, EE ..

1 . . . . . .
1c15L2¢rm;
[

HMAalN

DES AUTO

FUHC

rectangle with maximum area.

The generalisation was done analytically. Students made different choices of variable, mixed with geometrical

considerations (similarity of triangles). Also, if they led to complicated functions, the use of a symbolic calculator led to
correct answers.

Questions and/or Tasksfor theteacher

. Producing a dynamic geometrical illustration can take alot of time. Would you allow the studentsto do this
during the lesson? Looking at different cases, this geometrical illustration can be used to solve the problem
here purly through geometry, by looking to the right angle in every case. How can you use this aspect of the
first problem in relation to the analytical solution of the problem?
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. The same strategy can be used in the assesment example. Y ou can use a'so CABRI simulations by changing the
starting triangle. So you can conjecture that the generalisation must beright. Y ou can use thisalso to give a
proof on a special right angled triangle and use conservational arguments to get a general proof. What do you
think about using dynamical geometry as a proof generating tool ?

. Tables are not perfect; they only give approximations and you can lose essential information by taking a step
which istoo large. Thisisaconsequence of sampling the original function in equidistant points to obtain
discrete information. What is your opinion about using tables? How would you assess a student’ s work who
has solved an optimization problem only with the table method?

. Change of representation is an important problem solving strategy. Do you think that these examples can be
used to teach students this strategy explicitly? Do you think that informatuion and communication technology
can play an important role here?

. Discuss the organisation and marking of the assesment example.

Referencesto Literature

Ayres, F., Mendelson, E. (1992). Differential and Integral Calculus, 3/ed in SI Units, Schaum’s Outline Series,
London: McGraw-Hill.

Leinbach, C. (1999): Using Computer Algebra to Extract Meaning from Parameters.
Chicago: proceedings of the T-cubed Conference.

Luc Gheysens and Guido Herweyers (1999) Een extremumvraagstuk anders bekeken, Leuven : T>-Belgium.

Els Eyckmans (1999) : Informatietechnologie in het wiskundeonderwijs : een actieonderzoek in verband met afgeleide
functie, licenthiaatsthesis K.U.Leuven, in cooperation with Maria De Rijck (Sint-Jozefingtituut Herentals) and with
Christine De Cock ( Instituut Berkenboom).

The end of the project

We found a printer to produce 800 copies of our book (300 German and 500 English versions).
Tony Watkins” main part was to polish our English and to produce the camera ready copy of the
English version. After overcoming many technical difficulties reaching from compatibility-problems
with the zipped textfiles and the graphic files to the contents of an enveloppe with the camera ready
papers getting lost we could order printing the 1% issue of our work. The number of German copies
was shared between Germany and Austria, the English ones went to the other partners. In a very
short time we were "sold out" — to tell the truth we didn’t sell the copies but gave them away on
request. The echo, the comments and the reviews were very positive.

The well-known German publisher Klett is now working on a reprint of New Technologies ..... and
Dirk Janssens together with Paul Drijvers found a publisher to produce a Dutch trandation. It would
be fine to have also a French version, but as there was no French partner in our group.
Consequently, the aims and the contents of our project were not spread very widely in the French
speaking world.

Additionally it should be worth mentioning that T"3-Germany (Teachers Teaching with
Technology) accepted the structure of our units for their own teaching materials. | wonder if there
are many European Union Comenius Projects which are showing a similar influence on recent
developments in education.
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A last word about the project’sfinancing

The project budget in the application form was about 37610 EURO and we requested a grant about
18500 EURO. We received a grant of 16650 EURO (44.27%). The end calculation showed that we
worked very carefully and that we didn’t spend all the money. The project total sum was 25 326
EURO and so we will only get approximately 11200 EURO refunded. We — the Pl Lower Austria—
sent the end report with cost analysis and waited for acceptance. Unfortunately we received a letter

to explain some costs — costs which are exactly the same in the application form. So the project is
not really finished.

If anybody isinterested in our work in detail then please contact me.:  nojo.boehm@pgv.at
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