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Giveit a Spin!
Josef Béhm
BHAK St.Pélten and DUG, Austria
Email: nojo.boehm@pgv.at

One of the MFAQ (= Most Freguent Asked Questions) after workshops or lectures on the usage of
modern technologies like the TI-family, DERIVE, MS-EXCEL or others for maths education in
Secondary Schools is how to find problems and tasks for exercises and assessment. Many of the
more experienced teachers have a collection of problems of their own and it is very understandable
that they don’t want to throw all their treasures away and start again like at the very begin of their
career as ateacher.

| was and till am in the same situation. My standard answer is. you don’t have to change
everything, take your problem collection and try to achieve another point of view. Then in many
cases you will be able to give the problems a spin into the right direction and thus they will adopt a
new quality, focus on another aim as usual, open new insights or just let it read a bit uncommon.

Please don’t expect results of a deep scientific research on that topic within the next short hour and
don’t expect any classification of how to give "specia spins'. | am an ordinary school teacher on a
Secondary College for Business Administration in St.Polten, the capital town of Lower Austria. |
also have been busy in in- and pre-service courses for teachers and give a lecture on the use of
modern technologies in maths education on the Vienna Technical University. So you can imagine
that | am very deep involved in the discussion mentioned above.

In my school we teach mathematics for four years - age 16 - 19, and | decided to choose from these
four years and selected problems from my recently given written and oral examinations - unchanged
for this presentation. |1 hope to give some insight into the daily work of a school teacher who has
been using DERIVE and the Tl since long. Most of the examples presented here are software
independent. | choose the T, because it prooved to be the easiest platform for presentations using
the ViewScreen.

When we start using the PC or hand held technologies in maths education we have to make the
students accustomed to the machines as quickly as possible. | do the same as | did years ago with
ordinary pocket calculators. evaluate more complicated numerical expressions and teach them the
difference between decimal digits and significant digits. But now the students not only note the
results but also learn to compare the given problem with its output on the screen.

345,45 + 12,3 _ 4 Sanifi dici
0234 . 456.4 (4 significant digits) - [77m A142bralcalclother Prantolciemn el |
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305.9
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-(28.132-[(.?5)1/“+ 1714, 6518

0,9842° + 5,32 11,924 _ - - 1-4
4 = (2dgnificant digits)  [.11.924>-0.00015~<1/322* 4>
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By the way, the students do not only practise linearizing the expressions, but also get accustomed to
fraction powers for roots and floating point notation.
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Then we work with basics in agebra manipulations like working with fractions, binomials and

polynomials, solving linear equations etc.

| don't ask my pupils to evaluate a fractional monster like the next one by hand - athough we
sometimes do it in class room - in an assessment, but they should be able to edit this expression

applyl ng various grategl €s. 71{— Fllgrévbr‘alliglvcp I:Itrlzl;r‘ F'PF'HSNID I:lE-Fe:ir:lr Up

w—g T T T -
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X-Yy y X Cpartlspart2)sCparti-spartdl]

LIVERF READ AUTO FUMC 1B-/30

One can try to do it in one step or the better choice might be to split the expression and first edit

modules, then assemble them at |ast to obtain the result.

Given are some elements of a binomial”s power. Complete and find the task:

Xt =163 + 96X° — ...

a’h® + 62D’ .o S )?

729x7 — 5832X°y + 19440X3Y% ..o =

(in cooperation with my technology - co-fighter, Tania Koller)

CAS might help to check the conjectures, or to factorize larger numbers. We can see that there are
problems which don’t have a unique solution. We also can add problems which cannot have any
solution. Students and teachers as well mostly are accustomed to having "the" solution. We should

also accept that mathematical problems modelling real life don’t have "the" solution in each case.

WEe'll change to linear equations. Combine testing manual calculation skills with responding on new

guestions.

b - x a+x_b 3Xx —a b + 2a
£ o & o an
a) Enter the equation and explain the T1"s "simplification”.
b) What isthe equation’s general solution and which conditions are necessary for its validity?
¢) Find two specia solutions!
d) What isthe TI"s output?
€) Explain the output’s second part using a self chosen example.

Bohm: Givelt a Spin! Page 2
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f) Can you explain where this strange second part is coming from?

Plenty of new - very mathematical, and not too easy ——onuo- to

answer - questions are offered only by inspecting the *% F'lgzebf‘ah?aéﬂ Other f’{gmlzﬂ Llean L

CAS output. Let’s make more use of this new (a2-5 ]E'Kb";" th? _A¥atx-a ;zb':'!-
ar- aT-

pOSSIbIIItIeS [32_b2].x+a3+53 -[S-az-x—e
msolue 202 = ]

See also the next example about how to combine wo L . Zavbh_ o -

indespensible? - basics and computer algebra. faTh  afet

solvetans {1 > x|
LIVERF READ AUTO FUMC 2020

6 2 ~ 9
X2 Hx2 - 9x — 36 2x° +19%° +59x +60 2xX° +5x2 —18x -45

a) You can usethe Tl for factorizing the denominators, then
b) find the domain and

c) solvethe equation by hands.

| don"t know your experience, but in my teaching career not learning but applying the power rulesis
one of the major problems for the students.

It is no problem to use also the support of a CASto train these basics:

See an example from a "Basics” Test" given in my project class where we distinguished between
basics- and problem solving tests.

. y . (12a* b* ¢¥*
A2) Berechne mit dem TR und begriinde das Ergebnis: 3 (4 Pkte)
(18 a’ b ¢
x \Jy +y Jx ) .
A3) yry = Erklére das Ergebnis des Rechners. (5 Pkte)
R
Trandation: A2) Evaluate with the pocket calculator and @W
give reasons for the result. - e e
: ; . .
A3) Give an explanation for the calculator’s (12.22.p3.c3) 2 6.2
(1237 b2 .¢]
R VTR _
o+l RS
= Dellar partl, partZ, part3, partd Do,
LIVERF FAD AUTO FUHC 23,30
e finr | ore ot FromTolciee us| |
. . Z-1nia) +3- lnibd - 5- 1n(cd)-
Sometimes the cal culator’s results |ook very strange atp2 (210Dt il nted)
and so it is not necessary to forbid its use: x 5
2. p¥ cEtl »
" = =13 |20 and b >0 a
*
N . e
Bohm: Give lt a Spin! L5357 {-251a>0 and b>D_and col
LIVERF EAD AUTO FUHC 27430
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Collect the result and write it down without use of any denominator:

e 00 ¢™ o

H ¢ Ea“ b%
| don’t want to present here one more model for a growth or decay function, but working with
logarithms only can be interesting enough:

UsetheTl:  Expand(In(9000)) =
Explain the outcome!

Apply the appropriate logarithmic rule to expand In (b-4)°.
a) Which result do you expect?
b) How can you achieve this result with your T1?

Collect the logarithms by hands, try to do your best with the Tl and compare the results, explain the
different forms of the results.

®d-ClniED + Ln(2N) = >0 and 90 and b >0

‘y

%(3Iogx+logy) - 4(logb + log2) =

"4 a-b)-34(Ilnia)+ ln(b)jla 0 and b0

~3log(a-h) - %(Ioga+|ogb) = 3 Inga -y - S0 E

We should take the chance and force our students to enhance graphical and numerica methods and
make these two methods partners of analytical methods with equal rights.

Bohm: Givelt a Spin! Page 4
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Solve this inequality graphically: v = |z0an|Tr 2ce|Redraph|nEthiorau[< ¢

100 <100 v NG TN

For your information:

XX 3x
f(x)=- — + —
(x) 5 >

+ 2 HMAIN RAD AUTO — .FI]P.«III -------
09 = 2+ X 4 X
5x + 25 10 4

At atest | gave the following simultaneous equations and expected the students to apply any one of
the well known methods to solve the system or to calculate the system’s determinant after having
brougth the variablesinto the right order. | had a nice surprise during the test:

Solve the simultaneous equations for x and y:
ax+by=a+2y -3
2a Xx —3b y=b -3y + 2x

Find at least two pairs (a,b), which make the system non soluble!

A female student put the variables into the correct order and immediately noted (-3,2) and (1,1) as
answer for the second question. | was surprised and asked her how she had got the answers.
She explained:

@+3) x+(b-2y=a

(2a -2 x + (3-3b) y=b

Take equation 1: for a= -3 and b = 2 one gets 0 = -3, which is obviously false and one gets another
false statement form equation 2fora=1andb=1: 0= 1.

Trig equations sometimes need some tricky manipulations. Why not solve them graphically (or
numerically using tables):

Equations containing trig functions are called "trigonometric equations': Solving such equations
needs alot of tricks and can become very tiresome. Using the T1 you can try to solve equations of
this kind on various manners.
Find at least 4 solutions of
2 sin 2x + cos §=§
3 2
Explain your way of solution and give comments on the solutions. Work in radiants but give at least

one solution in degrees, too.

Bohm: Givelt a Spin! Page 5
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How many solutions are there? Can you express a genera solution in mathematical terms? (or in
words?)

1T _Fex | F% & FE* | _FBT [F7 E
* f—|Zoon |Trace[Regraph|Math|Draw|- y HH

LIVERF FAD AUTD FUNE

Working with polynomial functionsis daily work in school. Let’s try again a graphic approach:

Plot the graph of y(x) = 0.02x> - 0.13x> - 0.89x + 3.2

a) Trandate the graph that it osculates the x-axis. Give the function term.
(one solution is sufficient, extra credits for more)

b) Trandate the graph that it passes the origin. Give the function term.
(one solution is sufficient, extra credits for more)

or another one:

Find a 4™ degree polynomial function with

a) adouble zeroat x=-3

b) adoublezeroat x=4.5

c) onedouble zero at x; = -2 and another one at x, = 2.

Plot their graphs. Can you set up any conjecture? If so, then use two other polynomials of other
degrees to confirm your conjecture.

The ideato problems like the next one came on one late evening when | prepared a test for my third
form. We had repeated and extended the formulae for 2D- and 3D objects and this was part of the
test. Next morning | showed this problem to my colleague and she really doubted if the pupils

would be able to solve a problem like this having never seen asimilar one before:

[‘Fi T Fev TrsvTruvT FE T FE™ ]’]
- E Algebral|Calc|Other|PrgmlId|Clean Up
meoluel308 =r-n-(r+12), ]

-2 ([F (3 n+25)+3-[n 2-[]5._
= = ——

On the Tl-screen of a classmate you see:

a) What was the problem? "T I -
: ; mzolue(300 = -n-[r+ 121, )
b) Find the solution for your mate. R A S,
=S 467 + T AE704
r2¥nx(144+r"2> /3

FAIN EAD AUTO FUHC /20

So | was very curious about the "success', and it worked. Surprisingly the weakest pupil was the
first one to have the "correct” solution. Why "correct” under quotes? Look carefully! During the test
one pupil raised her hand: "Sir, | think that there is something wrong! | am sure that this problem
deals with a cone, but in the edit line under the root must be the expression for the cone’s height,

Bohm: Givelt a Spin! Page 6
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given by the sideline 12 and the radius. The application of Pythagoras" Theorem seems to be
wrong!".

And indeed, as | mentioned before, | set up the test in the late evening and | made a mistake. Three
out of 18 pupilsfound this mistake.................... and earned an extra credit.

A colleague from another school saw this example at oot ot s e e tole 1o U] |

any occasion and tried to transfer the idea to afinancia

mathematics problem., " mm'rf'_[:za_ )22 (1002
] = 37585, 808799388 — 0000 g;ggg gi
The task sounded very clear: _ 501ue[3?585.81 _ Pmt_ulf__[il_;lzsa] o
Tell the story of this business! NPT IS Wi G VA
MAIM FRD AUTO FUHC /30
Back to geometry!

The pupils prepared an electronic collection of formulae on their T1-92 and were allowed to use it. It
was very interesting for me to compare the various methods which appeared in the papers of the
pupils by solving the next - very easy - problem.

Five spheres (R = 3.17 inch) made of brass are melted down and a cylinder withr = 6,34 inchis
cast. What is the cylinder”s length?

There were solutions which were completely performed by hand, using the T1-92 only as an old
fashioned pocket calculator. Then some used the formulae together with the | - operator for
substituting the variables. And fortunately enough there were also some who made use of the
function concept which | hoped they would understand:

solve(5+sh v(3.17)=cyl_v(6.34,),))

In my opinion they not only worked with self provided tools, like the others - that is one aspect of
the problem. They also gave this easy problem a new quality in transforming the text into an
equation using functions - with more than one variable! | successfully reinforced this point of view
in some other examples later on.

Working with trig functions in the traditional way (eg problems from surveying technology) achieve
anew quality very similar to the standard geometry problems by preparing a toolbox - a Black Box
- and applying the appropriate tools. For solving oblique triangles we prepared four functions:

sss(s1,52,s3), sas(sl,a3,52), asa(al,s3,a2), ssa(sl,s2,al)

Five points ABCDE form a pentagon:

AB =264, BD =996, AD = 1128, DC = 444,

OODEA =122,48°, [1DCB = 73,25°, HEAD = 33,10°

What is the length of segment EC? What is the pentagon’s area?

The students have to apply the right functions but also have to select which of the many partia
results are important for the calculation. They are freed from boring calculations and solving

Bohm: Givelt a Spin! Page 7
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equations emerging from sine- and cosine rule, but they carefully have to document the process how

to reach the results.

The function term of the given graph shows the form

1T _fe
-

Lo

Trace|Regraph|Math|Oraw |-~

F4

y EFZ:E

y(x) =sin (ax) + cos (b x) with0 < {a,b} < 4.

a) Read off amplitude and period length.
(xscl =12 and yscl = 0.5)

b) Try to find the parameters aand b.

We will head towards calculus;

Four sequences are given. Find a conjecture to determineif they are
monotonic or not. Give reasons for your conjectures and use at least
two different waysto illustrate your ideas.

Give the proof for one monotonic sequence.
(You can be sure that there is at least one monotonic sequence
among the given ones).

Obvioudly this can be extended for investigating boundaries and limits.

CAS and graphing calculators and programs like DERIVE opened a

_6bn+ 2
© 27 - 4n
_ 6+ 5
&1 3y |
a, =+/5n (10 - /3n)
6
an_3\/5+5

wide field to "investigate"

functions not only in the traditional way (zeros, extremal values and inflection points.....)

_|2x + 7] +sign(x—4)|x—1| B

signx — 4)-|= — 1] =

= “ylB=1-2|x + 7-2] +
y(3) 4 8 3 2%+ 7l 5ign(x—4)-ﬁ¢—1|
g1l = -3
a) Produce a sketch of the graph alz=
b) Investigate the discontinuities.
c) Arethereother "interesting" places? Pt - 53138
d) Definey(x) as apiecewise defined function  |* #1201=< 772 T "% and
check your definition by superimposingthe  |sut1c:a| =< - 7.2 w +%-25.5 graphs.

| have best experiences with "descriptions of
pictures’ with the pictures being graphs of sometimes a bit exotic

and strange functions. The

students appreciated this work. | have a table full with 60 such functions and each of the students
has 5 randomly chosen functions to "describe" including a nice sketch of the graph and a summary
of its specia points, discontinuities, behaviours etc. In most cases it is not sufficient to only copy
the graph from the screen, because eg. very often poles and jumps do not appear as poles and jumps.
The screen’s resolution produces wrong connections of points and makes necessary an accurate

investigation of limits. Scaling has to be adjusted etc.

Bohm: Givelt a Spin!
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A section of this exotic functionstable:

13 = E

Vel

u x+1

14y = x-1+ —|x+1|
15y = Xx-1+ ﬂ

| [x+1]
6.y = ‘3X - xz‘
17.y = X_T|X| + %sign(x+2)
2.y = sign(4—x2)

2
3By =X+ X? —2‘
3.y = x| x| = 2(x+|x|) +2
35.y = |x—3|[x +1|
3.y = 5(2 +[x=2|)
a7y = |2x| -1
[x -1

X
Y =R+
i

It is my opinion that we can disregard sophisticated limits™ rules and make use of the CAS
implemented functions to demonstrate the various kinds of discontinuities:

2

Use CASto investigate the discontinuities.

Sketch the graph.

y(x) = % sign (3x — 8)

Find the limits for x tending to +o. Explain the meaning of the results for the graph.

1| _Fex |_ F¥ & FEw |_F&™ [T7 e
 f—|Zoom|Trace|Regraph|Math [OFaw |+ f HH

HMAIN KAD AUTO FUNWC

Bohm: Givelt a Spin!

Decide: which of the graphs is the function and which
oneisthe derivative? Give reasons for your decision.
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T3 & FEw | FG™ {T7 T
= f—|Zoon|Trace|Regraph|Math [DFaw (- f?

1T _fe

HMAld EAD AUTO FUHC

Y ou see the graph of function y(x). Add the graph of its continuous antiderivative, passing P(-
3,-2).

Then we have the wide field of "curve discussions'. In summer term 2000 | had not time
enough to cover this calculus application during the lessons. We very carefully had introduced
and studied the concept of the derivative and | tried to change a math lesson into a test:

An - in pre TI-times - important calculus application in school mathematics were the so called
"Curve Discussions'. The students had to calculate (by solving alot of equations)

» thezeros

* the local extrema values (maximum and minimum points, i.e. points with horizontal
tangents).

» the"inflection points" (which are points with curvature = O; curvature = instantaneous rate
of change of the slope)

a) Usethis"recipe" to obtain the special points explained above for
x* - 8x* - 16
25

b) Do you recognize another special feature of the graph?
¢) Givean explanation for thisform.
d) Produce asketch of the graph and mark and label the special points from above.

y(x) =

| Or the other way round: find the
! , function term of a 4™ degree
\ 3a | polynomial, knowing an inflection
\ || point at ... You know all these

’ [ problems, leading to a system of linear

| equations.

2 |
. * | | prefer presenting a graph and giving

* [ the task of finding an approximating
function. The students have to figure

: out suitable data, read off the numbers
[ and compare their results with the
given graph. Calculating is no problem

3 _r" any longer. (1"d like to remind many of

8 | e 18 you of Paul Drijvers” ghost! [Krems2])

| think it would be even better to present a hand sketch. Many variations are possible:

have different scales on x- and y-axis, ask to use only two or three points to force the students
to consider the slope or any other attribute, too. Make it a little difficult to read off the
coordinates of sufficient points. Add poles and/or horizontal asymptotes. | can assure you that

- f

Bohm: Givelt a Spin! Page 10
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the students like these types of problems. But | aso must admit that grading the tests has
become more difficult and time consuming than ever before.
Thisisthe function of the graph presented above:

4 3 2
x - 15.x - 100.x - 2000.x 4+ 50000

2500

Eleonore Eidler, a colleague from Tulln, Lower Austria and member of our project group in
investigating possible changes in assessment using technologies in maths teaching gave the
following task in the frame of a"problem solving test":

A cubic is given by the following screen shots. Try to find the cubic’s equation in three
different ways and use at least three of the given figures. (Explain the figures).

= — = i Fiwr FEr FE+

,1E SE.FEUF. ::;::';_ : e e T’: F.::_\.:T:.,‘_.f:'E—_~.::.:| - E Zoom Tr*ai;e ReEPaph Math|Orauw|-
3 ulZ?

45.
2. 59,
S =T
4. 45.
Ta 29,
Ga 15.
Ta EN
E. 17, Mac:imur
w=1. xctd, T333I3 £:539. 81481
= T TR R RAD AUTD FLNC

1 5 FEw | FE™
- E F00m Tr*a-:,E- REEF‘EPH Math|Draw|-

Mirmirme Mimirue /
WEET . ycs9. wi s . GEEGE6 gﬁ}'i . BALAE

] EAD AUTO FONC ] EAD AUTO FUNLC

1 Fir FEr FE+
- E S0 Tr*ai;e ReEPaph Mzt b D] -

Lero
wic i 4, BEEEE ycifl, =-16, 3333 3x+110. E296
o RAD AOTO FUNL H RAD AUTD FUNL

I"d like to finish with a very recent assessment example from my last final examination.

Bohm: Givelt a Spin! Page 11
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The concentration M [gramg/liter] of a 6-hour allergy medicine in abody is modeled by
M(t)=12 — 4 In (t* - 4t + 6), 0 <t <6,

wheret isthe timein hours since the allergy medication was taken. Find the average level of
concentration in the body over the 6-hour period.

a) Usethe Trapezoidal Rule (6 strips calculating by hands)

b) Usethe Trapezoidal Rule (12 strips using integ())

c) UseCASto find the exact result.

d) What isthe error percentage of @) and b). How much improves the result by doubling the
number of strips?

e) Invarioustextbooks one can find aformulafor estimating the error E occuring by
applying the trapezoidal rule

(b - ay’

E <
12 n?

Omax | f"(X)].
Givethe error estimation for a).

f) Find the extremal value for M(t). Explain the importance of this point in connection with
the model function.

Ideafrom (Calculus, Larson & Edwards, Houghton Mifflin 1999, ISBN 0-395-91683-6)

Fir] Fer [Fa=| Fir | FE Far
Too15|AT13ebra|Calc|Other |Frami0| Clsan e

B ipt SS90 Dahe
LN=T el 34,3517

IJS[12—4-1n[t2—4-t+6]]cb

34,6331

[ ] LA1Z2-dalp it -4t +E LB B
INTEGAS EAD AUTO TH INTEGES EAD AUTD FUNLC EFET]

Two screen shots from a T1-89 to demonstrate, how the students used integ()™ 2.

I‘Fi T Fer TrsvT S T FE T G
vﬂ AlgebrafCalc|O0ther|Prgmld{Clean Up

Bl -aee 2]

1| _Fex | F¥ & FEw |_F&™ [T7 e
 f—|Zoom[Trace|Regraph|Math[OFaw |+ f HH

+ ulax) Done

2
[x2—4-x+6]
["‘3 (1503 ]
B Fapros 1] HAl, =
-:E:x3
M b : : : i ; : (2 [E+2 {[E-2)r
- HoE 2, QIR : T Moo : : | rosCdirlhCxd, x,. 3) . x>
LINERF

LIVERF KAD AUTO FUNWC EAD AUTO FUNC =050

In this case | gave a spin by using technology to extend the questions in a direction which
would not be possible without. | disclaimed the difficult integration and was satisfied enough
if the students were able to recognize and to apply the integration concept. They worked with
a program after having shown, that they knew what the black box integ() could do for them.
Then they were forced to use the graphing capabilities to find the answer for task €). By the
way they also should show how to work with percentages.

Thisis the end of my presentation. | hope that it was not too unorganized. My idea and hope
was and is to encourage you to explore the many traditional problems and tasks for giving
them a major or minor spin, turning them round to receive new and sometimes challenging
problems for students and teachers.

| repeat that the teachers” job will become more difficult, but it aso might become more
satisfying observing how the use of technology - independent of the soft- and hardware used -

Bohm: Givelt a Spin! Page 12
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can shift the aims, the competencies, the skills, the understanding and last but not least the
students” attitude towards mathematics.
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