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Introduction.

| am teaching mathematics to students whose ages range from 15 to 17, in a french speaking
secondary school in Brussels.

In October 1999, my school was equipped with an access to Internet. Since then, whenever | find an
interesting mathematical site on the Web having some connection with the curriculum, | encourage
my students to visit it.Among those interesting sites, there is one | recommended many times this
academic year :

"Problems Of the Week" or o[ pttp://forum.swarthmore.edu/pow/|
Theinitial aim wasto help W the students to improve themselves in problem solving by
stimulating them to try to solve a 1east une of the problems every week.

In the beginning, the enterprise had only a limited success. Only a few students were enthusiastic
about it, the majority of them did not even collect the problems, sometimes because they were in
English!

In order to persuade the ones who were reluctant that they were missing an occasion to be smarter in
mathematics and in order to maintain the enthusiasm of the others, | sometimes took a "past
problem of the week" as subject of alesson. | soon realized that the POW's represent for the teacher
an enormous collection of material to work on pedagogically.

In addition, some of the POW's can be studied using calculators to help investigations or smply to
make calculations.

In the following pages you will find three problems that were treated in the classroom using T1 92
or Tl 89 calculators. We will focus on different aspects:
= how to benefit in the class from solutions already found by students;
= how to go alittle further than requested in the problem;
= how to take advantage of the technology to "push" some weaker students towards a
solution or to generate new questions.
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Trigonometry and Calculus Problem of the Week.

Making Money at the Movies - posted April 17, 2000

Y ou are the business manager at alocal movie theater. Based on past ticket sales,
you know that the theater averages 5,000 customers per day. The current ticket
price for al show timesis $5 per person. There are no discounted prices for
children, students or senior citizens.

The general manager of the theater wants to increase pricesin order to increase
profits. However, heis afraid that if the price isincreased too much, you could end
up loosing money. He has asked you to determine how much you should raise the
price in order to maximize your profit. Y our current profit is $2 per ticket. Any
increase in ticket price would be a direct increase in profit.

Y ou randomly survey customers over a period of 2 weeks. Y our results show that
you would lose 800 customers per every 50 cent increase in ticket price. For
example, if you increase the ticket price to $6, you would lose 1600 customers.

What new ticket price would lead to a maximum profit? Be sure to include a
complete and detailed explanation of what you did to solve this problem.

This problem is either agood illustration of regression curves or a nice exercise on the chapter about
the function f (x) = ax® +bx +c.

1. Application of regression curves, usingthe T1 89.

Let us create a Data table containing the following columns :

1% column : price of the ticket
2" column : number of customers
3" column : total benefit

We either fill in every column, line by line r3cld
(Seefigure 1) MAIW DEGAUTO FUHLC
Figure 1
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or we do it in amore elegant manner (seefigures 2, 3 and 4) :

Why does x vary between 0 and 6 ?

The price of the ticket has to remain positive !
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And so, x must be the greatest integer such that

5000-800x >0 < x <% =6.25
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Figure 4
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The following step is to sketch the graph of the benefit (column ¢3) as a function of the price of a
ticket (column c1). The numbers representing the benefit are big, so we rather consider the benefit
divided by 1000 (see column c4 of figure5) :
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=
[
=
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o

MAIN DEGAUTO FLUMHC

HAlIM DEG AUTO FLUHC ITn Fl

Figure 8 Figure9

Let us define the type of plot we want to make :

Prepare an adequate Window ..... and sketch the graph of the benefit versus the ticket price
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Asthe graph looks like a parabola, a quadratic regression should be fine !
We go back to the Data table "movie" and choose F5, QuadReg

We ask to store the regression equation in y1(x) and obtain this regression equation
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giving the graph
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Figure 14

To find the maximum of y1(x),
we calculate the zero of its derivative :

it appears that the optimum ticket price
will be $5.56.
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_a _ .
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Figure 15

Note that the regression coefficient in figure 13 is equal to 1. This means that the graph of y1(x)
goes exactly through al the points or that the benefit versus price x is exactly equal to

1000[{-1.6x? +17.8x —39) = -1600x> +17800x —39000 . We would like to have a proof of this.

2. Exercise on the chapter about the function f(x) =ax® +bx +c.

Let f(x) be the benefit corresponding to a ticket price x. Give an expression of f(x).

If x=5+nT[0.5, then the number of customerswill be 5000 —-n [B00.
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As the benefit per customer is x —3, the benefit f(x) will be equal to (x —3) [{5000 —n [B00) .
X—=5 _

But x=5+n0.5 <« n=——=2(x -5).
05

Hence f (x) = (x —3)(5000 ~1600(x —5)) = ~1600x? +17800 —39000.

If we factorize f(x) we obtain —200(x —3)(8x —65) .

The zeros of this polynomial function of degree 2, are respectively 3 and % .
65
3+E 89

The maximum occursfor x =

"I =5.56 which corresponds to the answer

of figure 15.
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The Return of the Parallelogram - posted January 24, 2000

Thisisafollowup to the problem from two weeks ago - the parallelogram split by
the line. Read it carefully, because it's alittle bit different.

Draw a parallelogram ABCD with AB=5. Draw EF with E between A and B and
F between C and D such that EF divides the area of ABCD in half. If EF=2, what is

the area of the parallelogram?

(Here's ahint: the answer doesn't have to be a single number, but tell me as much as
you can about the area of the parallelogram. What can it be? | want to know "the

answer", which means everything, not just "an answer".)

1. How to place pointsE and F in order that the area of the parallelogram ABCD would be

divided in half ?

DEG AUTO FUHC

HMAlM

Figure 1

Hereisaway to help aweak student unable to solve that problem :

Give him any parallelogram in the =
A E B +
Geometry Application of the Tl 92; \ \
u} F C
Tell him
* todraw point E anywhere Figure 2
on side[AB] and F anywhere on side [CD];
Gossez : Whethe T1-89 or the T1-92 Helps With Solving the POW Page 8

o

Contents



Fourth International Derive T1-89/92 Conference

» to define 2 polygons AEFD and EBCF; A E B
\ \ -
u] F C
Figure 3

= to ask for the areas of these 2 polygons;

HMAIN DES AUTD FLUMC

Figure 4

= to moveone of the pointsE or F, M T AR AT B i
observe what happensto the areas A . B
and stop when the areas are equal. \i lgNQ‘ \T?cmz
u] C
Figure 5

It appears clearly that ABCD iscut in half if and only if |AE|=|FC]| i. e. if and only if E and F

are symmetric with respect to the center O of ABCD.
It isnow the task of the student to proveit !

2. Let us admit that E and F should be symmetric with respect to O and take into account that
|EF| must be equal to 2.

Hereisapupil's (Muriel) solution :
= she constructs a parallelogram ABCD with |JAB| equal to 5 and with variable height (the
area of aparallelogram depending only on its base and height);
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HMAlN DEG AUTO FUMC

Figure 6

» then, asE and F are symmetric with respect
to O and such that |EF| = 2, E and F belong

to acircle with center O, radius 1;

o¥i

]
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r
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Figure 11

o |G
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Figure 7

= and hence for the following parallelograms, there are two possible choicesfor E and F

(seefigures 9 and 10),

(). /

HMAlN DEG AUTO FUHC

Figure 9

for the next paralelogram (see figure 11), thereis

no point E satisfying the conditions because

its height is greater than 2!

(should its height be equal to 2, we would find

one point E).

» and so, asthe height of ABCD is allowed to vary

HMAlN

DEG AUTO FUMC

Figure 8

HMAld

DES AUTO FUNC

Figure 10

between 0 and 2, the area of the parallelogram varies between 0 and 20.
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3. Employing Muriel's solution in the classroom.

3.1. Let uscall h, the height of parallelogram ABCD. Muriel has clearly shown that
[(EO[AB] and E] [ D]

h>20 thereareno points E and F such that [points E and F divide the area of ABCD in two equal parts
HeF =2

Does this mean that for any given parallelogram ABCD whose height h is smaller than 2,

points E and F always exist ?

No ! In the example of figure 12, there are 2 points E satisfying the conditions, in figure 13,
there is no point E verifying the conditions.

z £ ] E_—r [Fiem iF7y 2 iFATN

Figure 12 Figure 13

In thetwo figures, |AB| =5, |AR| =2 and the heights h =|AG| are the same and less than 2.

But b =|GD| is not the same in the two figures,

A new question arises : given a parallelogramwith fixed height h < 2, determine the values
of b for which points E and F exist.
| leave this point to the reader.

3.2. Choose h and b so that there are two possible positions for E (and hence for F).

Let x1 be the distance from A to E1, x2 the distance from A to E2.
3.2.1.Collect the values of x1 and x2 in function of h and sketch the graphs of x1(h) and x2(h).

In figure 14, b=|GD| isfixed, h varies

between 0 and 2

.Gossez : When the T1-89 or the T1-92 Helpswith Solving the POW Page 11
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=  measure h, IAEll and IAE2| rfimT Tz ]’ FE T Th T FE ]’ rsvT Fr ]
~ f—|Plot Setup|Cell[Header|Calc|Util |Stat
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Figure 19
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Figure 15

» view table Sysdata;

DATA FLACED IM YARIAELE SY30ATA

Figure 16 0 G C

DATH FLACED IM YARIRELE ZYEDATA

Plotl : x1 asafunction of h, _
Figure 17

Plot2 : x2 as afunction of h;
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= choose an adequate window;

= sketch the graphs;

HMAIN KAD AUTO FUMC

Figure 20
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Figure 21

3.2.2. Determine the analytical expressions of x1(h) and x2(h).

(though it was done in the classroom, | leave this point to the reader).

.Gossez : When the T1-89 or the T1-92 Helpswith Solving the POW

Page 13



o

Contents

Fourth International Derive T1-89/92 Conference

4. Suggesting another construction to the class, to solve the same problem.

Construct a segment [AB] such that |AB| = 5, choose a point E anywhere on [AB].

Construct a parallelogram ABCD such that /EF/ = 2, knowing that F lieson [CD] and isthe
symmetric of E with respect to the center of the parallelogram.

= construct a segment [AB] of length 5;

+

FAIN DEG RUTO FUWC

= construct acircle C1 with center E, radius 2: Figure 22

thiscircleisthelocus of F : F could be

any point of C1.

But once F is chosen, whereisC ?

HAIN DEG HUTO FUNC

Figure 23
= As FC=AE, C belongsto another circle: — o o]
the image C2 of C1 by the translation whose ol e Y ohe s
. c1 ce
vector is AE; +

2

HAIN DEG HUTO FUNC

Figure 24

= finally point D belongsto the circle C3,

trandated from C2 by trandation t _ ;
BA

HAIN DEG HUTO FUNC

Figure 25

= hereisone of the parallelograms that satisfy

the conditions. It is clear again that the height

of such aparallelogram is maximum 2 which

happens when C is situated on the lowest point el e

HAIN DEG AUTO FUMC

Figure 26

of circle C2.
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Trigonometry and Calculus Problem of the Week.

Stonybrooke River Bridge - posted March 27, 2000

The Stonybrooke Recreation Department has one special project each year. Last year, they resurfaced
the tennis courts and the year before they put lightsin at the basketball court. This year it is proposed
that afoot bridge be constructed across Stonybrooke River. In order to get cost estimates, you need to
know the distance across the river. Since you are a recent college graduate with aminor in
mathematics, you have been asked to figure out the distance across theriver.

Y ou go to the river with afriend and take some measurements. Y ou and your friend stand 10 feet
apart facing each other on the bank of the river. Each of you then turns toward the river until you
have direct line of sight to the one large oak tree across the river. Y ou determine that you turned 85
degrees counterclockwise to see the tree. Y our friend determines he turned 80 degrees clockwise to
seethetree.

Note: If you were standing on the opposite bank, the tree would be between you and your friend.

Based on these measurements, what is the distance across the river? Be sure to give a complete
explanation of your solution.

Tormuias.

L ets make a simple sketch of the situation ....

RIVER RIVER

Figure 1 Figure 2

.Gossez : When the T1-89 or the T1-92 Helpswith Solving the POW Page 15
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The question isto calculate distance d, knowing that angle F measur es 80°
and angle M, 85°.

Astheangle FOH measures 10°, one quickly comes to the conclusion that d = x [¢0s10°

[sin85° _sin80°
with x satisfying the system E X y
E},/ cos85° + x cos80° =10

[ysin85°-xsin80° =0

o 1
D[})100385° + X c0s80° =10 @)

Solution of Laurent whoisnot really afan of calculators, but calculates very well by
hand.

He solves system (1) thisway :

cos85° 10
sin85° -sin80°
cos85°  cos80°

sn8s 0
10sin85° _10sin85° _10sin85°

~ §in85°cos80° +c0s85°sin80°  sin165° sin15°

0
0
Fx =
U
U
U

10sin85° cos10°
sin15°

and comes to the conclusion that d =

)

.Gossez : When the T1-89 or the T1-92 Helpswith Solving the POW Page 16
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Solution of Nicolaswho isafan of calculators.
Flr|FZ-| F3~ | Fu~r FE+ Fa- Ffr
|'.'-:|r'=|FI::-::I|$-:-1u-a Uniks 59r-1t--:-15T|nt-zr‘n-:t'1]T-:--:-1s]
» HetakeshisTI 89, enters system (1)
and solvesiit;
msoluely-SinES) — «-sinCE0p
_ 18- cos05) b
TIN5 cos(10) + =1ini 10
[HAIN DEGEXACT __ FUNC 1730
Figure 3
= hethen extracts the value of x and |'.'F-:1r"5||=FI§:;|EE%I.Tt Uik Ea-'rf'ugf-‘-;-h]-lnttFr'En'-:ll:'1l-T-:f-:::"I's]
multipliesit by cos10° ;
Booluely - sinl35) — x-sin( S0k
_ 10 cos(S) b
* T IS cosil@) + 2ing 10
cosCl R0 0+ cosCo ) 0sintD..
AN DEGERACT FLMC 1420
Figure 4
= arriving to the conclusion that
Fi~|F2Z~] F= | Fi~ FE~- Fa~ Fi=
Wars|Fixl|Ealug|liniks 59mho1sl-lnttrnut'1]-Too1s1
_ 10cos5° cos10° ) = — 10-cos(o)
sin5°cos10° +sin10°cos5° 2int3)-cos(ll) + sincld
= cos1E)- 10 cosl,
sinS1-cosCilt + 57
10 -cos{5) - cos(10)
2in(S)-cos(lE + sinfl@) oo
cos (10X #C10%caos (50 (sin( ..
IHHIH OEIG EXACT FLUMC ]
Figure 5
Remark : Nicolasisworking in Exact Mode.
Solution of Pierrewho knowshis Tl 89 calculator very well .
Page 17
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» He solvesthe same system as Nicolas
(seefigure 3), extracts the value of x
and multipliesit by cos10°;

(he also works in Exact Mode)

» hechoosesF2, Trig;

= then tCollect(;

= adds aparenthesis at the end of the expression;

.Gossez : When the T1-89 or the T1-92 Helpswith Solving the POW
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Figure 6
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Ziexpandl
4:zarosy
E:appEnxi ¢
fcombenome, | ... .
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S:inSalual
Sl 1+ =ind 10
Eoscl@k]l0%cos CSa-Csintad..

TYFE OF UZE €1} + [EMTER] OF [EZC]

Figure 7
Thits Ere|ofre r'IF' rgialuln-zr-:ﬁn'm-r_]
2 actaor:
Iiexpandl
dizerosr
E:appEDxﬂ c
fcombenamt | ... -
" 20 TipropFrace [ * =1mlSHp
] 2:rnSalued GD5i§3 b
1:tExpand 1+ =sindin
CS)<0=sintar..
HAIN DEG ERACT FUMC 1730
Figure 8

Fir Fer |FZ~| Fh- FE Far
Tools|ATAcbrajCalc|0ther |FrAmi0|Clean Ur

B opluely-sinl33) — x-sinl 30k
_ 18- cos(5) b
T in(S) - cosl 10 + 2inl 10

LoosS LAYt in 10 kcos S a0

MAIN DEGERACT FUMEC 130

Figure 9
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= finally comesto the conclusion that

101- i:n:-E.I: 5:1 b

d =5cos5°(v/3+)V2 +/3 +2] (4). A E NSy cos(10) + =ing 10
v:n:iE.ElElj-lib

" **':‘:'”E'“[ =iniS) cosi 160 +
S-[cos(S ([ + 1) [Z+[3 + 2]

LCOSCIHY s in 10 koo (50 00

FAIN DEG EXACT FUMC ]

And now theteacher... with her questions! Figure 10

1. Prove that answers (2), (3) and (4) are equal.

Act 1. Thefirst reaction of the pupilsisto ask for an approximate value of the three
expressions, but this does not mean anything !

ﬁﬁ?sTMEﬁu Cate DErT;r]-Prﬁmlu]-E1eun u:-T_] [ R ufr?EJwﬁnul-:uﬁ u;-r—]
w ST
o 1D simEe costll) ] 18- cos(S) cas(1@)
=1 R — Zim(5) CoSC 160 + SinC 1A o
- 37 9E526

. 18- cos05) - cosC 10D b
ZIn(Sy cosC 100 + Sing 100 o a5 [coz(Sy([F+ 1) [Z+[F+2)
27 SU0S2E 37 FEAS2E
!1MH BEGEACT __ FUAK T FAIN BEGERACT __ FUNC ¥

It Figure 11 INA| Figure 12

Act 2. It isvery easy to provethat (2) isequal to (3) :

sin5°co0s10° +sin10°cos5° =sin15° and sin85° = cos5° because the angles are
complementary.

10cos5° cos10°

5
sin15° ®)

Act 3. So, we may writethat d =

And we still have to prove that thisis equal to d = 5cos5°(v3 +1)v/2 +4/3 +2] (4)
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Laurent takes his calculator and looks how the machine r Fi,T T P T = I = m
manages expr on (5) Toaols|AT3cbra|Calc|0kher |FFAmIO|C1ean Ue

. 10 - cos(Sh - cosC 1M

singl3)
18- cascS5)-cosc 100 J3 + 1] -»
i )
FAIW DEGEXACT FLUMC 1.0

Figure 13

Act4.1s 10c0s5°cos10°(+/3 +1)/2 =5 cos5°(+/3 +1)/2 ++/3 +2] ? (6)

Pierre is getting a bit nervous about this, takes the calculator which is connected to the
viewscreen so that everybody can follow...

Fi~| F&x |Fzr] Fu- FE Far
Tools|A13ebra|Calc|0ther|Fr3miO|C1ean Ue

m 10 costS)-cosc 10 [[3 + 1]k

false
e O CT L pk L (20 +TC30+20
HAlH DEGEHACT FUMC 130
Figure 14

Act 5. The teacher has to give a clue, because the troups are getting discouraged ...

The left member of (6) may be written 10(+/3 +1)+/2 [@0s5° cos10°
The right member may be written [5cos5°(v/3 +1)v/2] +[5(+/3 +2)]

Do you know formulas transforming a product of cosinesinto asum ?
Yes, if you read Simpson formulas from right to left...

Act 6. Proof that 10cos5° cole°(\/§ +1)\/§ :5[c035°(«/§ +1)\/§ +4/3 +2]

According to the formula cospltosq= cos(p-0) ercos(p *q) , we have

0S5° [E0s10° = cos5° +cosl15
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Toals|A13¢brajCalc|0ther |FrarlOjC1ean Ur

Fourth International Derive Tl- f”'T Fer |Fir ru—] FE I Fi- m

oo (B2
As cosl15 == (seefig. 15) (F+1)[3
]
OEGEXACT FUMC 1/30
Figure 15
o, (V3+1)V2
cosh° +— 71— o
cos5° [¢os10° = 4 = 4CosS™ + (\/5 +1)\/§
2 8
and finaly

10c0s5° cos10°(+/3 +1)v/2 =5 D4C0550 i 5;/5 +12 W3 +1)/2
m

=5[{cos5°(v/3 +1)/2 +M) =5 [[os5 /3 +)v/2 +/3 +2)

2. Why does the calculator know the numerical value of cos15° and does not know the
numerical value of cos5° ?

Probably because cos15° can be obtained as the solution of a simple quadratic equation :

\/§ .

2c0s?15° -1 =cos30° =7

Theactorsof the" play”

and the"first roles' :

Here normally comes a photograph!
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